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Optimal Strategy for Geostationary Orbit
Acquisition Using Ion Propulsion
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The geostationary satellite for telecommunication, Artemis, is equipped with a chemical propulsion system and
an ion propulsion system. Because of the third-stage ignition failure of the Ariane V launcher, the low-thrust
propulsion system is used to complete the transfer orbit to geostationary Earth orbit. The optimal trajectory is
determined using Pontryagin’s principle. All constraints for the thrust direction, due to the initial design and
onboard breakdown, are considered in the optimization process, and the minimum-time problem is solved. The
effect of perturbations, namely, the gravitational force of the sun and the moon, the oblateness and triaxiality
of the Earth, and the solar radiation pressure, are considered. The performances of the transfer orbit and the
optimal thrust strategy are presented for every case. The transfer time, considering the perturbations, increases
by 20 days with respect to the Keplerian case, but this does not imply an increase in propellant mass consumption.
Finally a comparison with a solution obtained using a parametric optimization process is given. The parametric
optimization results are close to those of the Pontryagin solution, but do not allow the satellite to obtain the best
transfer time. In fact, the control strategy efficiency depends on the number of variables used in the process, and a
time-variable strategy is possible only with an enormousincrease of the computationaleffort, althoughit is natural

when the Pontryagin principle is applied.

Introduction

HE optimal low-thrust and the combined chemical-low-thrust
transfer problems have been studied by many authors.'~® Re-
cently ESA has become interested in missions that foresee the use
of low-thrust engines, which make significant propellant savings
possible!® The failure of the Ariane V launcher resulted in de-
livering the geostationary satellite for telecommunication, Artemis,
into an orbit far from the desired geostationarytransfer orbit (GTO).
Afteraseriesof impulsivemaneuvers,carried out using the chemical
engine, the satellitereached an orbit close to the geostationary orbit
(GEO). This paper studies the possibility of bringing the satellite
onto the GEO, using only the ion propulsionsystem. The minimum-
time problem is solved by applying the Pontryagin principle due to
its flexibility when considering different types of constraints.!':!?
The initial Artemis orbital parametersreferto the epoch 6 September
2001, but the proposed procedureis independentof the initial date.
The problem is first studied using the Keplerian model. Then,
once the importance of the perturbation effect has been revealed,
the J, effect is introduced, and then the other perturbations are
added. Because of the consequentcomplexity, when the effect of all
perturbationsis considered, the Lagrange multipliers system is sim-
plified by omitting the derivatives of the perturbations with respect
to the state. This simplification is also applied to the case where
only the J, perturbation is taken into consideration, and the result
is compared with the one obtained with no simplification.

In the last part of the work, the transfer trajectory is determined
using a parametric optimization technique, in which the amplitude
of the thrust arcs is used as a parameter. Results are compared to
those obtained using the Pontryagin principle.

Artemis Satellite Mission

Because of a malfunction of the Ariane V launcher, the
Artemis spacecraft was placed into an orbit 6970 x 23,896 km

Received 2 April 2002; revision received 15 January 2003; accepted for
publication20 January 2003. Copyright © 2003 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0731-5090/03 $10.00 in
correspondence with the CCC.

* Assistant Professor, Scuola di Ingegneria Aerospaziale, Department of
Aerospace and Astronautics Engineering, v. Eudossiana 18.

608

with an inclination of approximately 3 deg, vs the nominal value
7235 x 42,215 km and 2 deg of inclination (GTO). In a sequence
of maneuvers using the chemical propulsion system, an intermedi-
ate orbit was reached that was quasi circular and almost equatorial
(Table 1). The mass budget on 6 Septemeber 2001 was dry mass
1535 kg, liquid mass 55 kg, and Xenon mass 44 kg (total mass
1634 kg). Artemis is equipped with two independention propulsion
branches, the electron bombardment ion thruster assembly (EITA)
and the radio frequency ion thruster assembly (RITA). Each branch
consists of two thruster units (Fig. 1).

1) EITA, made by Marta-UK, delivers 18 mN of thrust at an I,
of 3000 s. The units are mounted on the —Z face of the space-
craft, which normally faces away from the Earth, and at an angle of
49.86 deg with respect to the y axis. Therefore, the nominal thrust
angle is 40.14 deg from the orbit plane. An additional rotation of
3 deg with respect to the Z axis is possible.

2) RITA, made by EADS, delivers 15 mN of thrust, also at an [,

of 3000 s. The units are mounted in a similar fashion to the EITAs,
but at an angle of 43.6 deg with respect to the y axis.
The thrusters, nominally foreseen only for north—-south station-
keeping maneuvers,are used as the propulsionsystemin the transfer
orbit. Because of their mounting and onboard breakdown, the Z axis
is constrained to remain coincident with the velocity vector and the
Y axis perpendicular to the radial direction.

Optimal Solution for Keplerian Case

The dynamic model is described by a system of differential
equations with fixed initial and final conditions, and the minimum-
time problem is studied using the Pontryagin principle.!! !>
The equations of motion are written in the r, ¥, & body sys-
tem (respectively, radial, transverse, and normal direction) and
in terms of the acceleration components Ag, Ay, and Ay.
The state vector is expressed in terms of equinoctial ele-
ments (a, P, P,, Oy, Q,,1), nonsingular for the GEO'>~?'and
related to the classical elements by a=a, P =esin(w+ ),
Py =ecos(w+Q), Q= tan(i/2)sin(2), O, = tan(i/2) cos(2),
and / = (w + Q) + M. In these variables, the equations of motion
become

%—L[P in(L) — P, cos(L)]Az + £ A



Table1 Orbital elements on 6 September 2001

Value

6 September 2001 00:00:00
37,306.653315

Parameter

Date
Semimajor axis, km

Eccentricity 0.000827
Inclination, deg 0.870949
RAAN, deg 156.410374
Argument of perigee, deg 9.099137
True anomaly, deg 61.133779

Z(YAW)

S

<y

Orbit plane

Y(PITCH)

Fig. 1 Geometry for the EITA and RITA propulsion systems.
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where
L = true longitude, (0 + Q) + f
n = mean motion, \/(x/a*)
Ap = radial component of thrust acceleration
Ar = transverse componentof thrustacceleration
Ay = normal componentof thrustacceleration

After the linearization with respect to the GEO orbit and with
dt /na =ds, the system for the state variables is

d dpP dP
Y gaa,, S —osin)A;, S22 —2cos(L)A,
ds ds ds
0 . Ay do, Ay dL w
& in) 2™ 992 _ os(L)Ax & _ K
sin(L) =" PR e S P
)

The Hamiltonian of this system is written as H = A7z, where
A= (has 2pys Apys hoys hoy» Az) is the vector of Lagrange multi-
pliers adjoint to the state variablez = (a, Py, P, Qy, Q», L) and
the Euler-Lagrange equationsare givenby A, = —d H /0z. We min-
imize the total transfer time, and the performance index is

ty
J=/ dr
1o

For an admissible solution, a necessary condition for optimal-
ity is that there exists a nonzero continuous vector function
z=(a, P, P,, 0, 05, L)", suchthatforallz, t, <t <t, the func-
tion H attains a minimum at the point u = u(¢), the Hamiltonian
function is constant with H <0, and the Euler-Lagrange equations
are satisfied (see Ref. 11). Thus, for the optimal control problem,
it is necessary to find the initial values of the Lagrange multipliers
A that result in meeting the final state. Moreover, the control law
u(t) must satisfy the first and second necessary conditions of the
Pontryagin theorem.
In this case the Hamiltonian function is

H = [2ar, +2sin(L)p, +2cos(L)p, |Ar

+ [sin(L)rg, + cos(L)rg, |(Aw/2) + Ap(u/a?) 3)
When Ar and Ay are written as
Ar = (AN + AS)KGS AW = (AN - AS)K (4)

where Ay and Ag are integer values (0 or 1), and when K is the
modulus of the tangential thrust component and K the modulus of
the normal thrust component, the Hamiltonian function becomes

H = [2an, +2sin(L)Ap + 2cos(L)ip, [(Ay + A5)Kg

+ [sin(L))LQI + COS(L))LQZ](AN — As)(K/2) + A (p/a®)

(5)
For the Lagrange multipliers equations, we obtain
My ==20,(Ay + A9 Kg + (2un,/a®)
Wy =0, Ay =0, My, =0, My =0
A, = —[2cos(L)rp, —2sin(L)rp, |(Ay + A5)Kq
— [cos(Lyng, — sin(L)rg, |(Ay — Ag)(K /2) ©)

The first necessary condition for the Pontryagin principle is that the
Hamiltonian function is minimal at each point. Because the EITA
and RITA engines cannot be used at the same time, we have only
four possible configurations for the control (Fig. 2): no thrust (0),
thrust with north (N) or south (S) component, and thrust with both
components (N+S). The Hamiltonian function attains its minimum
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only on the boundary of the polyhedron (0, N, S, S+N). Every
thrust configuration corresponds to specific values for Ay and Ag;
in particular, the no-thrust case (0) correspondsto Ay =0, As =0;
the case with only an N component correspondsto Ay =1, Ag =0;
the case with only an S component correspondsto Ay =0, Ag =1;
and the case with N+-S componentscorrespondsto Ay =1, Ag = 1.
The minimum Hamiltonian value determines the values for Ay and
Ag as functions of time and, thus, the optimal control strategy.

Along h
-~

Aw
N

N+S i\long 9

Fig. 2 Configuration for the control.
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Fig. 3 Optimal thrust strategy for EITA S: Keplerian case.
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The results obtained for the minimum-time problem show that the
optimal solutionuses only the EITA engine at the minimum possible
angle with respect to the Z axis (37.14 deg). The performances are
presented in terms of transfer time (days), final eccentricity, final
inclination, and optimal thrust strategy (Table 2). For the optimal
thrust strategy, the amplitude of the thrust arc is indicated. (The
origin is the nodal line.) On the ascending node, the EITA engine
with the S component is used; for the descending node, the EITA
engine with the N componentis used, and on the remaining arcs the
EITA engine with N+S components is used.

The thrusters for inclinationchange are operativefor about90 deg
of true anomaly, but these angles do not remain central with respect
to the nodal line. Figure 3 plots the control strategy for the EITA S
engine; in particular, the dots indicate the region where the EITA S
is active. The strategy is indicated with respect to the ascending
node, and so the origin (0 deg) is the nodal line. We can see that the
thrust with the EITA S begins about 40 deg before the nodal line
and finishes about 50 deg after the nodal line. This range remains
quasi constant during the transfer. A similar behavior is valid for
the EITA N engine at the descending node (Fig. 4). In Fig. 3 we
can also see the variation of the argument of perigee during the
transfer (central band). The perigee remains near the nodal line,
so that the thrust for inclination changes (EITA S and EITA N) is
applied in a high-efficiency area for this type of maneuver (Fig. 4).
Note that, for the minimum transfer time orbit, the semi-axisand the
inclination must reach the geostationary values at the same time. In
fact, we have two possibilities: The first is that the satellite reaches
the geostationary value for the semi-axis before the inclination. In
this case, the geometry of the propulsion system cannot permit the
satellite to change its inclination without increasing again the semi-
axis. When the inclinationreaches the zero value, the final semi-axis
is bigger than the geostationary value, and so we must discard this
eventuality. The second possibility is that the inclination reaches
the zero value before the semi-axis reaches the geostationary value.
This case is acceptable because the thrust with EITA with N and S
components does not change the inclination and the geostationary

Table2 Optimal Keplerian case results

Parameter Value
Amplitude ascending node thrust, deg —40, +50
Amplitude descending node thrust, deg —40, +50
Inclination, deg 0.0086
Transfer time, days 169.9
Eccentricity 0.00007
Expended mass, kg 13.4
Modulation

«— EITA south

Ascending node

f Modulation

EITA north + south

Fig. 4 Thrust strategy for the transfer orbit.



12
1.45F —
14+ 1
1,051 / B
/
g /
a
1t // 1
0.95F / f
e
S~
o9k /\/J\/v 4
0.85 ! ! ‘ :
0 50 100 150 200 250

Days

Fig. 5 Natural evolution of inclination.

values can be met. A limit case of this second possibility is that the
geostationary values of semi-axis and inclination are reached at the
same time. Numerical simulation reveals that this limit case is the
best for the minimum-time transfer trajectory.

Natural Evolution of Intermediate Orbit

The preceding solution, carried out in a Keplerian model, gave
about 170 days for the transfer time. This long period involves the
study of the influence of the perturbationforces for the Artemis orbit.
The natural evolution of the orbital elements is studied taking into
account 1) the sun and moon gravitationaleffect, 2) earth oblateness
and triaxiality, and 3) solar radiation pressure. The orbital state is
numerically propagated for a period of 200 days and the initial
orbital elements, in the Mean Equatorial Earth 2000 (MEE2000)
reference frame, are shown in Table 1.

The result of the simulation indicates that the effect on the incli-
nation, due primarily to third-body forces, is not negligible (Fig. 5).
This is an importantparameter for GEO. Therefore, the perturbation
effects must be included in the optimization process.

Optimal Solution Including the J, Harmonic Effect

In the reference frame, the perturbation forces appear with a tan-
gential, normal, and perpendicularacceleration. When the acceler-
ation due to the J, perturbationis computed numerically and added
to the thrust acceleration, the equations of motion become

d dp
& 2aa,, S 6in(L)Ay — cos(L)Ag
ds ds
dP d A
—2 =2cos(L)Ay +sin(L) Ay, d9: _ sin(L)—
ds ds 2
dQ» Aw dL "
—_— L)— —_ = -2A —_ 7
- cos(L) 5 P st 7

where Ag, A7, and Ay include the engine thrust and the J, accel-
eration.

In the Hamiltonian function we can separate the contribution of
the thrust acceleration (A7, Awy ) from the contributiondue to J,

(Arsps Aryys Awyy):

H = [2ax, +2sin(L)Ap, + 2cos(L)rp, |(Ary + Ar,)
+ [sin(L)rg, + cos(L)rg, |2 (Awm + Aws,)

+ [ = cos(L)rp, +sin(L)dp, — 20, |Agy, + (/aHry  (8)

For the multipliers equations, the system is complex (see the
Appendix), but after the linearization with respect to the GEO orbit,
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only the contribution of the derivative d A, /da remains®:

3A 3umR, L, [ 4
Ry - _ Hm 2 __5 (9)
da 4 a
and the system becomes
A= —{naATM + [ cos(L)ip, + sin(L)Ap, — 21,]
dAgrs,  2uhp
o ZORS_ ZHAL
da a’
Wy =0, My =0, My =0, My =0
A o=— {[ZCOS(L)API — 2sin(L)ip, |Aru
. AWM
+[cos(Lyrg, — sm(L)xQz]T
+ [sin(L)ap, + cos(L)Apz]ARJZ} (10)

We can find a strategy that satisfies the first and the second necessary
conditions of the Pontryagin theorem. The performances are given
in Table 3, and the thrust angle strategy for the EITA S engine is
shown in Fig. 6. For the EITA N engine, we have the same behavior.
The solution is similar to the Keplerian case. The amplitude of the
thrust arc, for change of inclination (EITA S and EITA N), increases
by only 5 deg (from 90 to 95 deg). In fact, the most important
perturbation,in this case, dependsprincipallyon the luni—solareffect
and not on J, (or the solar pressure).

Notethatin the lastpartofthetransfer, therotationof the argument
of perigee is followed by the same rotation of the thrust arc for the
EITA S engine (Fig. 6). The thrust strategy,to change the inclination,
takes into consideration the rotation of perigee, and the optimal
geometry is a combinationbetween the thrust centered on the nodal
line and the argument of perigee.

Table 3 Optimal Keplerian +/, case results

Parameter Value
Amplitude ascending node thrust, deg —36, +59
Amplitude descending node thrust, deg —36, +62
Inclination, deg 0.0078
Transfer time, days 170.9
Eccentricity 0.00007
Expended mass, kg 13.4
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Fig. 6 Optimal thrust strategy for EITA S: Keplerian +/, case.
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The consumption of propellantis practically the same. In fact, the
transfer time increases by only one day and the thrust (only 18 mN)
cannot produce a significant change. Moreover, the satellite takes
more time, with respect to the Keplerian case, using the engines
with only one component (EITA S and EITA N).

Optimization Process Including All Perturbation Forces

‘We now considerall of the perturbationforces (J,, luni—solar, and
radiation pressure) in the optimization process. The Hamiltonian
functionis

H = [2ah, +2sin(L)Ap, +2cos(L)rp, |[(Ay + As) Ko + Ar_pen]
+[sin(L)rg, + cos(L)g, |1 1(Ay — ADK + Ay _per]

+ = cos(LYrp, + sin(L)xp, — 24, |Ag_pere + Ar(1/a®)
(1)

where A_. is the acceleration (computed numerically) due to the
perturbationforce. To simplify the Lagrange multipliers system, we
omit the derivatives of the perturbations with respect to the state
vector, whereas the Hamiltonian function is fully considered (be-
causeitdoes not contain any derivative). This simplification implies
that the evolution of the auxiliary variable X is different from the
optimal case. We obtain the system

A= =20 [(Ay + A)KG + Ar_pen] +2uhs [
A, =0, Wy =0,

X, =0, Koy =0

Ay, = —[2cos(L)rp, — 2sin(L)ap, |[(Ay + A9 K + Ag_per]
— [cos(L)ng, — sin(L)rg, |41(Ay — A5K + Ay _pen]

— [Sin(L)Ap, + coS(L)hp, |Ag_per (12)

The performancesare given in Table 4, and the thrust angle strategy
for EITA S engine is shown in Fig. 7. The increase in inclination,

Table4 Simplified case results all perturbations

Parameter Value
Amplitude ascending node thrust, deg —78, +44
Amplitude descending node thrust, deg —78, +45
Inclination, deg 0.0058
Transfer time, days 189.4
Eccentricity 0.00005
Expended mass, kg 13.4

150 Range for the argument of perigee +

Amplitude of thrust arc (°)
The erigin is the nodal line

Range for EITA south
=150 B

| I I I I I
0 20 40 60 80 100 120 140 160 180 200
Transfer time (days)

Fig. 7 Thrust strategy for EITA S: simplified case all perturbations.

subsequent to the perturbation forces, produces an increase in am-
plitude arcs, for configurations EITA S and N, from 90 (Keplerian
case) to 120 deg.

In fact, with angles equal to the Keplerian case, the satellite gains
the geostationary semi-axis with inclination greater than zero. To
gain, at the same time, the geostationary values for the semi-axis
and the inclination, the thrust arcs with EITA S and EITA N must
increase, and consequently, the amplitude with EITA, with S and
N components, must decrease. This fact increases the transfer time
by about 20 days because the EITA S and N are less efficient at
changing the semi-axis and need more revolutions to keep the geo-
stationary altitude. This different thrust strategy does not change the
consumption of mass, in fact, although the transfer time is longer,
the satellite is using only one component (EITA S or EITA N) for
longer time, and this balances the propellantexpenditure.

As regards the thrust strategy, note two facts: First, the arc thrust,
to change the inclination,is not central with respectto the nodal line,
butbegins 80 degbefore,in a low-efficiency region for the Keplerian
case. Second, in the last part of the transfer, like the Keplerian +J,
case, the rotation of the argument of perigee is followed by rotation
of the thrust arc for the EITA S engine (and also EITA N). In this
case we have a big rotation of the argument of perigee, and we can
see that the optimal thrust strategy, to change the inclination, takes
into considerationthe rotation of perigee and turns the arcs as much
as possible but continues to contain the nodal line.

Comparison Between Simplified and Exact
Optimization Process Considering only J, Effect

As in the preceding section, we simplify the system of Lagrange
multipliers, but consider only the J, perturbation. The results are
in Table 5 and the thrust angle strategy for the EITA S engine is in
Fig. 8. The performancesare similar to the exact case, thus showing
that the simplification used does not affect the precision of results.

Optimization Process with Parametric Approach

A different way to approach the problem consists of using the
method of parametric optimization where the variables are the am-
plitudes of the thrust arcs. We have four variables for the problem,

Table 5 Results including J, effect: simplified case

Parameter Value
Amplitude ascending node thrust, deg —48, +46
Amplitude descending node thrust, deg —50, +46
Inclination, deg 0.0057
Transfer time, days 170.9
Eccentricity 0.000068
Expended mass, kg 13.4

Range for the argument of perigee

Amplitude of thrust arc (°)
The origin is the nodal line

Range for EITA south

I I I I I I
0 20 40 50 80 100 120 140 160 180 200
Transfer time (days)

Fig. 8 Thrust strategy for EITA S including J, effect: simplified case.



Table 6 Parametric approach results

Parameter Value
Amplitude ascending node thrust, deg —78, +44.3
Amplitude descending node thrust, deg =75, +44.4
Inclination, deg 0.0053
Transfer time, days 189.9
Eccentricity 0.000067
Expended mass, kg 13.4
Desc. Node

A

Asc. Node

Fig. 9 Variables to optimizer.

150 Range for the argument of perigee

Amplitude of thrust arc (°)
The origin is the nodal line

Range for EITA south
150 -

I I I I . .
0 20 40 60 80 100 120 140 160 180 200
Transfer time (days)

Fig. 10 Thrust strategy for EITA S: parametric approach.

corresponding to the amplitude thrust arcs around the nodal line
(Fig. 9). The model for the simulation considers all perturbations.
For this problem, the cost function is characterized by a large num-
ber of local minima very close to each other, and a computational
effort must be made to find the best result. The best solution for the
thrust arc amplitude value is found close to the value found using
the Pontryagin theorem, but the transfer time is 0.5 days longer.
This difference is because with the Pontryagin theorem the ampli-
tudes of thrust arcs can change at every revolution and the control
strategy becomes more efficient. When the parametric approach is
used, this modulation on the control is possible only by using four
variables for every revolution (about 760 variables in all), involving
an enormous increase of computational effort. The performancesof
the transfer are given in Table 6, and the control strategy, for the
EITA S engine, is shown in Fig. 10. The control, using only a few
variables, is constrainedto remain the same for all transfer times and
cannot take into considerationpossible variation of the argument of
perigee, resulting, consequently, in less efficiency with respect to
the Pontryagin case.
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Conclusions

The minimum-time problem, for the transfer orbit of the Artemis
satellite, is solved using the ion propulsion system and Pontryagin’s
principle. For the Keplerian case and for the Keplerianplus J, effect
case, the full system for the Lagrange multipliers is considered, and
the optimal strategy is found. The natural evolution of the orbital
parameters implies that the effects of all perturbations must be con-
sidered in the simulation. Because of the increase of the complexity
of the Lagrange multipliers, the derivativesof the perturbationswith
respect to the state are omitted in the Lagrange multipliers system.
This simplification permits easy use of the minimum principle, in
the case with perturbations, does not affect the precision of results,
and it is very useful for computational purposes. In fact, the perfor-
mance is better than that obtained with the parametric optimization
approach.

Appendix: Multipliers Equations

When the J, effect is considered, the full expression for the
Lagrange multipliers system is

Ay = —{ZA[,(ATM + Ary,) + [2ah, +2sin(L)ip,

ATJz 8AW!z

20a

+2 cos(L)Apz] 0 + [sin(L))»QI + cos(L)AQZ]

+[—cos(L)np, + sin(L)Ap — 21,

8ARIz _ 2uAg
da a3

. 9A
ip = _{[2axu + 2sin(L)Ap, + 2c0s(L)Ap2]a—P”2

1
Ay,

+ [Sil’l(L))»Ql + COS(L))‘QZ] 29 P
1

0A
+ [ cos(Lrp +sin(L)rp, — 20 ] =22 }
1

8ATJz
P,

Ap, = —{[2axu + 2sin(L)p, +2cos(L)Ap, |

A
+ [sin(L))»QI + cos(L)AQZ] zav;)lz
2

9A
+[—cos(Lyrp, +sin(L)rp, — %L]—a B }
2

A7,
90,

hoy = — { [2ah, +2sin(L)ap, +2cos(L)Ap, |

0A
+ [sin(L))»QI + cos(L))»Qz]Tg2
1

9A
+[—cos(L)np, + sin(L)Ap, — ZAL]WR”}
1

. . A7,
gy = =1 [2ah, +2sin(L)hp, +2cos(L)Ap, | 0
2

. 8AW!z

+ [sin(L)rg, + cos(L)rg, | —22
[sm( )Ag, + cos(L) Qz] 20,

9A
+[—cos(L)np, + sin(L)Ap, — ZAL]WR”}
2
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AL = —{[2 cos(L)Ap, — 2sin(L)Ap, | (Arw + Ary,)

dA
+[2ak, + 2sin(L)rp, +2 cos(L)APz]%

1
+[cos(Lyrg, — sin(L)AQZ]E(AWM + Ayy,)

AWIz

. )
+ [sm(L))»QI + cos(L)AQZ] 9L
+ [sin(L)Ap, + cos(L)rp, |Ary,

ARy,

+[=cos(L)rp + sin(L)Ap, — 22, T

(A1)

|
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